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dvances in synthesis and fabrica-

tion of coherently strained semi-

conductor heterostructures, such
as quantum dots' 3 (QDs) and core—shell
nanowires,*”7 offer the prospect for accu-
rate and scalable device engineering at an
atomistic scale for applications in electron-
ics, photonics, and biology.? Since the opti-
cal and electronic properties of low-
dimensional nanostructures are sensitive to
morphology, dimension, composition, and,
especially, strain, they can be “tuned” to
very specific requirements. Thus, control of
surface morphology and engineering of
strain is of significant importance in fabrica-
tion of these structures. It has been recog-
nized that the strain is crucial to the mor-
phological evolution and growth of
nanostructures. For example, stressed pla-
nar thin films are susceptible to formation
of surface undulations or corrugations
through surface diffusion driven by elastic
strain energy. This phenomenon is often
called the Asaro—Tiller—Grinfeld
instability.”~ '3 A useful consequence of the
thin film surface instability is the formation
of arrays of coherent 3D islands that spon-
taneously appear during the growth of
strained films. This growth mode provides
a natural route to fabricate quantum dot
arrays in a number of different material
systems.'4"16

The morphological instability inherent

to strained thin films has recently also been
observed in strained core—shell nanowires.
For example, experiments from Pan et al."”
and Goldthorpe et al.'® have revealed the
growth of the 3D germanium (or silicon) is-
lands around a silicon (or germanium) core
during the growth of Si—Ge core—shell
nanowires. While the understanding of the
factors that control the morphological sta-
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ABSTRACT We have performed three-dimensional dynamic simulations to study strain-driven morphological

evolution and the formation of quantum structures on heteroepitaxial core —shell nanowire surfaces. Our

simulations show that depending on geometric and material parameters, such as the radius of the wire, the

thickness of the shell, and the mismatch strain, various surface morphologies including smooth core —shell

nanowire surfaces, nanoring arrays, nanowire arrays, and ordered quantum dot arrays can be obtained by

controlling initial surface configurations through prepatterning. It is also shown that these quantum structures

may be trapped in a metastable state and may undergo a series of metastable state transitions during subsequent

dynamic evolution. Our results identify possible pathways for fabrication of ordered quantum structures on the

epitaxial core—shell nanowire surfaces and provide guidelines for achieving smooth core—shell structures.
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bility is important for growing smooth
core—shell structures on the one hand, on
the other hand, quantum dot arrays grown
by this process can open up opportunities
for novel photonic and electronic devices.
For example, new energy levels that arise
from the formation of quantum structures
could be potentially exploited to allow
more efficient absorption of solar energy in
nanowire-based solar cells.'” Most recently,
Huang et al.?° have experimentally obtained
pure germanium QDs on both sides of ~20
nm thick, ~80 nm wide free-standing silicon
nanoribbons via the Stranski—Krastanov
growth or quantum dot self-assembly. This
opens up a new way to create mechano-
electronic superlattices.

Only a limited amount of work is cur-
rently available on the morphological stabil-
ity of heteroepitaxial core—shell
nanowires.?'?? Schmidt and co-workers?'
performed an analysis of the stability of
coherently strained core—shell nanowires
using a first-order perturbation method.
Their investigation showed the existence
of a parameter range within which surface
instabilities arise during growth. Very
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recently, Wang and co-workers?? also used a similar lin-
ear perturbation analysis to study the morphological
stability for epitaxial core—shell nanowires against vari-
ous patterns of perturbation under conditions where
mass transport occurs via surface diffusion or deposi-
tion growth kinetics. They studied the combined effect
of geometric parameters such as core diameter and
shell thickness and the inherited misfit strain on the
morphology instability of epitaxial core—shell nano-
wires. It should be noted that since the above studies
employ a small perturbation approximation in their
first-order instability analyses, these results can only be
used to study the early stage of surface evolution when
the amplitudes of surface perturbations are small. The
formation and coarsening of quantum dots and other
nanostructures on a core—shell nanowire surface is well
beyond the scope of the first-order instability analysis.
Three-dimensional dynamic simulation methods that
can handle strain relaxation due to surface features
without making any approximations on their sizes and
shapes are therefore needed for assessing the long-
term stability and morphologies of core—shell struc-
tures. This understanding is necessary for controlling
the surface morphology and hence guiding the fabrica-
tion of nanostructures such as nanorings or nano-
grooves on nanowire surfaces.

In the present work, we have developed a three-
dimensional dynamical simulation framework to study
the formation of nanostructures on core—shell nano-
wires. We demonstrate that, depending on initial
modes of perturbations and geometric parameters, dif-
ferent surface nanostructures can be obtained, includ-
ing the smooth core—shell structure, nanoring arrays,
nanowire arrays, and ordered quantum dot arrays. We
further show that these regular nanostructures can be
trapped in long-lived metastable states and can in prin-
ciple undergo coarsening when subjected to further an-
nealing. To gain control on surface morphology, prepat-
terning is commonly employed in planar thin film
systems. Using our 3D simulations, we predict how pat-
terns in core—shell systems influence the arrangement
of nanostructures; we have identified particular pat-
terns that can lead to highly ordered nanostructure ar-
rays. Our results should therefore provide important
guidance in determining material parameters for fabri-
cating various surface quantum structures in core—shell
nanowire systems.

RESULTS AND DISCUSSION
The configuration of the core—shell material sys-

tem that we consider is schematically illustrated in Fig-
ure 1, where a core whose radius is R. and the shell with
a radius R; are coherently bonded. As a result, the thin
shell is initially uniformly strained in both circumferen-
tial and axial directions due to lattice misfit. The misfit
strain is defined as &,, = (ar — as)/as, where as and as are
lattice constants for the shell and the core lattices, re-
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Figure 1. Schematic depiction of a core—shell nanowire.
Here, L is the length of the nanowire, and R and R; are the
core and shell radii, respectively.

spectively. When the system is in mechanical equilib-
rium, both the core and the shell are elastically
strained.?' For simplicity, the elastic properties such as
shear modulus . and Poisson’s ratio v are taken to be
the same for both the core and the shell in the present
study.

Figure 2 shows an instability map for a typical Ge/Si
core—shell nanowire derived from linear stability analy-
sis (refer to the Methods section). In this case, the mis-
fit strain, Young’s modulus, and Poisson’s ratio are taken
to be 4.2%, 80 GPa, and 0.3, respectively. The geomet-
ric parameters of the core—shell nanowire are chosen
as follows: the outer radius R; = 3.3 and the shell thick-
ness h = 0.3, where the lengths are normalized by
y/wo, that is, the ratio of the surface energy of the shell
and the strain energy density for a biaxial strained flat
film. In all of the calculations we have carried out, the
time scale is normalized by to = v¥/(Qw{D). Q is the
atomic volume, D = (8,D¢/KzT)e~%/%T is the mass diffu-
sivity in diffusive layer, where Doe %% is the atomic dif-
fusion coefficient; d; is the diffusion layer thickness; Q,
is the diffusion barrier; kg is the Boltzmann constant;
and T is the temperature, which is held at 900 K
throughout the annealing. For the Ge/Si heteroepitax-
ial system at the annealing temperature, the units for
length and time are 5.5 nm and 0.2 s, respectively.

Since linear stability analysis employs a small pertur-
bation approximation, that is, it assumes that the ampli-
tudes of surface undulations are small, the above re-
sults can only be used to study the early stage of surface
evolution. The formation and coarsening of fully formed
quantum dots and other nanostructures on a
core—shell nanowire surface is well beyond the scope
of the linear instability analysis. Quantitative methods
that can handle these nonlinear phenomena are there-
fore needed for predicting the long-term stability and
morphologies of core—shell structures. As discussed in
the Methods section, we have developed a finite
element-based method that treats elastic fields accu-
rately for any shape of surface perturbations without re-
strictions on their amplitude. Furthermore, the effect
of the wetting layer, essential to treat the situations
where surface perturbations grow in amplitude and
reach the substrate, is also included in our 3D model.
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Figure 2. Instability map for a core—shell nanowire surface with shell radius R; = 3.3, core radius R. = 3.0, and a perturba-
tion amplitude of 0.03 (around 1% of the radius). The solid dark blue curve is the boundary between the unstable and stable
regions. The dotted pink curve is the fastest growth mode for the unstable growth regime. Wavenumbers n and g are n =
0 and g = 1.56 for point A; n = 2 and g = 1.56 for point B; n = 6 and g = 0.0 for point C; n = 8 and g = 0.0 for point D; n =
0 and g = 3.12 for point E; and n = 4 and g = 3.12 for point F. The left frame for each point shows the initial perturbation

(t = 0.0), while the right one shows the first metastable state.

Next, we perform 3D dynamical simulations where the
instability map in Figure 2 is employed as a useful refer-
ence for identifying the morphologies of interest.

In performing the dynamical simulations, we pick
six perturbed modes (points A—F) on the map (Figure
2). Note that the initial perturbation modes to the
core—shell nanowire surface for the points D, E, and F
fall in the regime of stable perturbations, while the
points A, B, and C are in the unstable regime. There-
fore, for points D—F, these initial perturbations should
decay with time according to the first-order perturba-
tion result. The three-dimensional dynamical simulation
results corresponding to points D, E, and F are shown
in the insets of Figure 2. The initial perturbation ampli-
tude is taken to be 8 = 0.03, which satisfies the small
perturbation assumption in the linear instability analy-
sis. It is seen clearly that all three perturbations decay as
the surface evolves, in agreement with the first-order
perturbation analysis. On the other hand, the perturba-
tion modes at points A, B, and C fall in the unstable re-
gime on the instability map. Point A corresponds to the
initial perturbation along the axial direction only, that
is,n = 0and g = 1.56; point B corresponds to n = 2 and
g = 1.56, and point C corresponds to the initial pertur-
bation along the circumferential direction only, that is,
n = 6and g = 0. Also these modes are very close to the
dashed line marking the fastest growth modes in Fig-
ure 2. We have found that all three perturbations grow
with time. Inset A shows the growth of mode A. Here,
the initial perturbation grows and quickly develops into
a ring array. Inset B shows the growth of the perturba-
tion mode B, leading to the formation of a well-
arranged quantum dot array. Similarly, inset C also
shows the growth of the perturbation mode C where
the perturbed surface develops into an array of nano-
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wires (or grooves) parallel to the axis of the core—shell
nanowire. These calculations show that the first-order
perturbation results are consistent with our three-
dimensional dynamical simulations at the early stages
of evolution. More interestingly, they also show that ini-
tial perturbations can be used to control the formation
of various surface structures.

When initial perturbations grow in amplitude or
when the film surface approaches the interface be-
tween the film and substrate, the linear perturbation
method is no longer valid. Figure 3a shows our results
for the evolution of the core—shell surface for the per-
turbation mode A as the amplitudes of the initial pertur-
bation increase in magnitude. To understand the stabil-
ity of different patterns that form during evolution, we
have plotted the total strain energy in the system as a
function of time in Figure 4. From this plot, it is seen
that the strain energy decreases rapidly as the ampli-
tude of the perturbation increases due to the forma-
tion of the nanoring array. Between t = 2.0 and 12.0,
there is very little change in surface morphology which
corresponds to the plateau region in Figure 4. After an-
nealing for a longer duration, these nanorings break
up into regular islands (see Figure 3a at t = 18.0). For-
mation of the islands leads to further relaxation of elas-
tic energy, as seen in Figure 4. This island array is also
metastable and can undergo further coarsening, lead-
ing to a regular array of islands arranged in two rows sit-
ting symmetrically on opposite sides of the core—shell
nanowire at t = 54.0. A similar phenomenon is also ob-
served for the perturbation mode at point B. These
regularly distributed islands formed at the early stage
of growth (see Figure 3b at t = 6.0) are also in a meta-
stable state (as evidenced by the plateau in Figure 4)
and undergo coarsening when subjected to annealing.
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Figure 3. (a—c) Coarsening of strained islands for the three
cases corresponding to points A (with n = 0 and g = 1.56),
B (n =2and g = 1.56), and C (n = 6 and g = 0.0) indicated
in Figure 2, respectively.

These islands evolve into a coarser, yet regularly distrib-
uted island array, as shown in Figure 3b at t = 54.0. Un-
like the perturbations A and B, which are close to the
fastest growing modes in Figure 2, case C is located in
the unstable regime but far from the fastest growing
modes. Therefore, the perturbations initially grow at a
smaller rate, as seen from the relatively modest de-
crease in strain energy in Figure 4. However, subse-
quently the parallel surface nanowires formed at the
early stage (see Figure 3c at t = 6.0) eventually break
up into islands (see Figure 3c at t = 42.0). These islands
sit at opposite sides of the core—shell nanowire and
also undergo coarsening upon annealing (see Figure

3c at t = 54.0). (Refer to the Supporting Information
Movie 1 and Movie 2, which clearly show the multiple
metastable states formed at different stages of evolu-
tion.)

As demonstrated by our simulations (with different
modes A, B, and C), different distributions of island ar-
rays can be obtained by changing the nature of the ini-
tial perturbations. A different example considered is
given in Figure 5, which shows the results of annealing
a core—shell nanowire (the outer radius R, = 6) with a
helical surface perturbation. In the early stage, the relax-
ation of the strain energy provided by this perturba-
tion is small (see Figure 4) since the nature of the sur-
face undulations are qualitatively different from that of
the fastest growing perturbations described in Figure 2.
Here, the hill-tops of the initial helical perturbations
grow into helical ridges around the core—shell nano-
wire (see Figure 5 at t = 6.0). This is a metastable state
as evidenced from the plateau in the strain energy
shown in Figure 4. Subsequently, the ridges break up
into a helically distributed island array (see Figure 5 at
t = 18.0). Note that, at this stage, this array provides
very efficient relaxation of strain energy and is more fa-
vorable compared to all other perturbations consid-
ered in Figure 3. This array is also in a metastable state
and undergoes further coarsening during annealing
(see Figure 5 at t = 54.0). Clearly, the initial surface per-
turbations play an important role in the formation of
surface morphology.

We have performed systematic three-dimensional
dynamical simulations to understand the effect of ran-
dom initial perturbations on the evolution of surface
morphology. Figure 6 shows the snapshots of the evo-
lution of a core—shell nanowire surface perturbed ran-
domly. We find that the small wavelength components
of the perturbation decay in magnitude while the wave
components close to the fastest growth mode (Figure
2) grow in amplitude. As a consequence, the initial ran-
dom surface breaks up into islands that are spaced at

1.0 e

o
©

Total Strain Energy
o
)

o
3

—¥—Point A —=—PointB —e—PointC —e— Helical

6+ - —
0 8 16 24 32 40 48 56
Time
Figure 4. Total strain energy versus time for various initial perturbations in Figure 3 and Figure 5. The plateaus in these curves
correspond to metastable configurations in the surface morphology. The snapshots in Figures 3 and 5 are marked by the
filled squares in the curves.
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Figure 5. Morphological evolution of the surface of a core—shell nanowire (shell radius R; = 6.3 and core radius R. = 6.0)

with an initial helical perturbation of amplitude of 0.03.

distances close to the fastest growth wavelength, indi-
cating the tendency of the islands to self-assemble.
Subsequently, islands with roughly the same size are
left behind, on the opposite sides of the core—shell
nanowire, as shown in Figure 6. It is important to note
that this arrangement of islands is in qualitative agree-
ment with experimental observations,'® where the well-
formed islands were found to align asymmetrically on
opposite sides of the core—shell nanowire surface.

We have also investigated the effect of the variation
of outer radius of the core—shell nanowire on the mor-
phological instability of the core—shell nanowires. Fig-
ure 7 shows the instability maps of core—shell nano-
wires with the same shell thickness (taken to be 0.3)
but different outer radii. We find that core—shell sys-
tems with smaller cores tend to be much more stable
than the system with larger cores as the regime of un-
stable growth of wires with small cores shrinks signifi-
cantly with the decrease of the outer radius of the nano-
wire. This is due to the fact that, as the core radius
becomes smaller, the core is the more strained com-
pared to the shell.>?* This is the reason why core—shell
nanowires of small diameters are more suitable for ob-
taining smoother morphologies, as observed in
experiments.'”'8

Prepatterning methods have been adopted for
guided growth of nanostructures on planar thin films,
using either chemical and/or physical means.**=3° In the
present simulations, we assume that the surface prepat-
terning is performed by using direct writing techniques,
such as electron beam lithography or scanning probe li-
thography. Scanning probe methods are capable of re-

n 2

t=0.0 t=6.0

solving surface features with subnanometer precision
and creating patterns with atomic resolution, albeit at
extremely slow speeds. Recently, nanoscale three-
dimensional patterning of molecular resists using scan-
ning probes has been realized, enabling the transfer of
the pattern into arbitrary complex underlying sub-
strates.3® Hence it is expected that, in the near future,
it would be possible to prepattern curved surfaces, such
as nanowire surfaces, with nanometer resolution. Next,
we perform three-dimensional dynamical simulations
to understand the effect of prepatterning on the mor-
phological evolution of the core—shell nanowire sur-
face. Here, we consider a core—shell nanowire surface
prepatterned with a pitch distance P, along the axial di-
rection and Py (angle) along the circumferential direc-
tion; the shape of the pattern is given by Hocos(zw/
Z0)cos(07/0), — 2o < z < zyand —0y < 6 < 0y, where z
and 6 are the distance and angle along axial and cir-
cumferential directions from an island center, respec-
tively. Thus 2z, and 26, are the widths of the island
along the two directions, and H, is the height of the
island.

Figure 8 shows annealing of a surface with prepat-
terned island arrays with different pitches (the prepat-
terned islands are of the same size). Upon annealing,
the evolutions of the prepatterned island arrays with
P, = 4.0 and Py = 2m/n (n varies from 1 to 5) are shown
in Figure 8a—e, respectively. For cases c and d, where
n = 3 and 4, respectively, a one-to-one relation be-
tween the prepatterned islands and the growing is-
lands is retained during the annealing process. This is
due to the fact that the spacings of the prepatterned is-

t=42.0 t=54.0

Figure 6. Morphological evolution of a randomly perturbed surface of a core—shell nanowire. The shell radius is R, = 3.3,
the core radius R. = 3.0, and the perturbation amplitude 0.03 (around 1% of the radius).
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Figure 7. Effect of variation of the outer radius on the instability of a core—shell nanowire surface. A decrease in the outer
radius leads to the decrease in the domain of instability.

land array are comparable with that of the fastest lationship (see t = 3.0 in Figure 8b); however, the newly
growth modes (see Figure 2). The ordering of the array ~ formed dots disappear when subjected to further an-
of islands is found to remain stable with time, indicating  nealing (see t = 6.0 and 9.0 in Figure 8b) and the one-

that the prepatterning can prevent island coarsening. to-one relation is recovered. For case e, where the pitch
For case a, where the circumferential pitch is large (P =  in circumferential direction is small, Py = 2%/5, that is,
21r), there is no one-to-one relation between the pre- the islands come closer to each other along this direc-

patterned islands and the formed dots. If Py = 7 (see tion (see t = 0.0 in Figure 8e), the initial prepatterned ar-
t = 0.0 in Figure 8b), initially there is no one-to-one re-  ray of islands evolves into nanoring structures when

( ( N —— v
@) i D 4
| ( Ry v
‘ o _— > 4
t=6.0
t=0.0 t=3.0 t=6.0 t=9.0

=0.0 =3.0
(©
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t=0.0
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O C
t=0.0 t=3.0
(c)
t=0.0 t=3.0

(@
Figure 8. Morphological evolution of the prepatterned surfaces of core—shell nanowires. The shell radius is R; = 3.3, the core
radius R, = 3.0. The size of prepatterned islands is the same, z, = 1.0 and 6, = 37/8. Pitches of the patterned islands along two di-
rections are (a) P, = 4.0 and Py = 27; (b) P, = 4.0 and Py = ; (c) P, = 4.0 and Py = 2w/3; (d) P, = 4.0 and Py = w/2; (e) P, = 4.0
and Py = 2w/5; (f) P, = 2.67 and Py = w/2; and (g) P, = 8.0 and Py = /2.

@N‘A’RK) VOL. 4 = NO.8 = GUO ET AL. www.acsnano.org



subjected to annealing (see t = 3.0 in Figure 8e). These
nanoring structures are in a metastable state and break
up into an array of large islands when subjected to fur-
ther annealing (see t = 9.0 in Figure 8e).

By changing the pitch along the axial direction, dif-
ferent island morphologies can also be obtained. A one-
to-one relation can be retained when P, = 4.0 and P,
= 7/2 (see Figure 8d). For a smaller pitch in the axial di-
rection, the prepatterned array of islands is able to join
together to form nanowire structures. An example is
shown in Figure 8f with P, = 2.67 and Py = /2. These
nanowire structures are metastable and break up into
an array of large islands (see t = 6.0 and t = 9.0 in Fig-
ure 8f), which is favorable from the energetic point of
view. For a larger pitch in axial direction, there is no
one-to-one relation between the prepatterned islands
and the formed dots at the early evolution stage. How-
ever, the newly formed islands gradually fade away
when subjected to further annealing. Eventually a one-
to-one-relationship is recovered. An example is shown
in Figure 8g with P, = 8.0 and Py = /2. The above pre-
patterning studies demonstrate that prepatterning
routes can be also used to control the formation of is-
land arrays on nanowire surfaces. By tuning the pitch
distances to guide the growth, nanostructures such as

METHODS

First-Order Perturbation Analysis. Following the previous pertur-
bation analysis,?'?? the perturbation of the radius of the
core—shell nanowire takes the form of R = R, + dcos(gz)cos(nd),
where Ry is the unperturbed outer shell radius, g is the wavenum-
ber in the axial direction, and n is the wavenumber in the circum-
ferential direction. The growth of these perturbations is deter-
mined by stability factor:2

2 2
n 2\[1—n > Aw
S=|l=+gqg -q° -

where Aw is the change of the surface strain energy due to a si-
nusoidal perturbation of wavenumbers n and q. If the stability
factor S > 0, then the initial perturbation is unstable, or it will
grow with time; while if S < 0, the initial perturbation will de-
cay with time.

Evolution of Surface Morphology. To simulate morphological evo-
lution of a strained core—shell system subjected to annealing,
we adopt the finite element framework developed to study the
formation of quantum dots in epitaxial thin films.3'~33 In this ap-
proach, the evolution of the surface morphology is driven by
the gradient of the surface chemical potential:

M

v, =DVu 2
where v, is the surface normal velocity, D = Dd/kgT, D; is the sur-
face diffusion coefficient, where 3, the diffusive layer thickness,
kg the Boltzmann constant, and T the absolute temperature. The
chemical potential . can be written as

aw

p=p0+Qw—x(y+W)+nZdh

3)

where, po is the reference chemical potential, () is the atomic
volume of a diffusing atom, w is the strain energy density at
shell surface, v is the surface energy of shell material,  is the
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quantum dot, nanowire, and nanoring arrays with de-
sired distributions can be obtained.

CONCLUSIONS

In summary, going beyond the first-order instability
analysis, we have performed three-dimensional dy-
namical simulations to understand the growth of quan-
tum structures in core—shell nanowires. We have found
that the patterns of initial perturbations have pro-
nounced influence not only on the morphological evo-
lution at the early stages of evolution but also on the
subsequent formation and arrangement of islands. The
present work suggests several possible ways to control
the island array distribution, size, and density. By pre-
patterning initial configuration of surfaces, various
nanostructures were obtained, ranging from ring ar-
rays, dot arrays, nanowire arrays, and helical arrays. In
addition, the island array stability can be maintained by
prepatterning or controlling the metastable states with
a capping layer. Furthermore, by controlling the outer
radius of the core—shell nanowire, the island density
per unit length along the nanowire axis can be
changed: with increasing radius of the nanowire, the is-
land density per unit length can be increased (for ex-
ample, compare Figure 5 and Figure 6).

mean curvature, and W(h) is the intermolecular interaction
energy between core and shell, or the wetting energy. This
term accounts for the presence of wetting layer observed in
heteroepitaxial systems.3*3> Here, W(h) = B/h, where h is the
film thickness and B a material parameter (B = h(1 + v)?w}/
v, where wy = Eg/(1 — v) is the strain energy density for flat
biaxial strained thin film, and h,, the critical thickness of the
wetting layer).

An isotropic linear elastic relation between strain and stress
is assumed to determine the distribution of strain energy in the
core—shell system. One can use the displacement field u;(x)) of
material points from stress free reference configuration of the
system to describe the deformation caused by mechanical load-
ing of the misfit strain, thus the strain due to the displacement
field is &5 = 1/2(u;; + uj), where the comma denotes partial dif-
ferentiation with respect to a spatial coordinate. Then, the stress
field related to the strains is given by

o; = 2ule; — £,8; + V(skk = 3g,)9 4)

_v
ij 1—2 i
where . and v denote shear modulus and Poisson’s ratio, and
£mis the misfit strain. The displacement and stress fields uj(x;) and
oy can be calculated using a standard finite element method by
solving the equations of mechanical equilibrium

Jopugv=[ tduda

where surface tractions t; = ojn; and n; denotes the boundary
surface normal directions.

The strain energy density is thus evaluated by w = ojg;/2.
Compared to the first-order perturbation analysis, which is only
suitable for prescribed sinusoidal perturbations of infinitesimal
amplitude, the present approach allows one to handle perturba-
tions of arbitrary shape and amplitude. A finite element proce-
dure is also adopted to solve the surface diffusion eq 2, and the
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details are given in refs 28—30. It is noted that eq 2 can also be
solved by directly substituting the evaluated surface chemical
potential into it.36738
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Supporting Information Available: Two movies of three-
dimensional dynamic simulations showing transitions between
different metastable states. Movie 1 shows the evolution of sur-
face structures with wavenumbers n = 2 and g = 2. The normal-
ized radius of the core is 3.3, and the shell thickness is 0.3, corre-
sponding to Figure 4b of the main text. Two metastable states
were observed during the course of the simulations. Movie 2
shows the evolution of surface structures with wavenumbers n
= 0 and g = 2. The normalized radius of the core is 3.3, and the
shell thickness is 0.3 corresponding to Figure 4b of the main text.
Four metastable states were observed during the course of the
simulation. This material is available free of charge via the Inter-
net at http://pubs.acs.org.
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